AIAA JOURNAL
Vol. 48, No. 8, August 2010

Invariant Finite Element Model for Composite Structures:
The Generalized Unified Formulation

Luciano Demasi*
San Diego State University, San Diego, California 92182

DOI: 10.2514/1.45416

The generalized unified formulation presented here is a modern approach for the finite element analysis of
sandwich plates and in general multilayered structures. A large variety of types of theories with any combination of
orders of expansion for the different displacement variables can be obtained from the expansion of six 1 x 1 arrays
(the kernels or fundamental nuclei of the generalized unified formulation). Each of the displacement variables is
independently treated and different orders of expansions for the different unknowns can be chosen. Because infinite
combinations can be freely chosen for the displacements, the generalized unified formulation allows the user to write
00> higher-order shear deformation theories, co® zig—zag theories, and co® layerwise theories with a single invariant
formulation implemented in a single finite element method code. The six independent fundamental nuclei are
formally invariant with respect to the order used for the expansion or with respect to the type of theory. The
generalized unified formulation can be also adopted for mixed variational statements. In such cases the number of
independent kernels would be different but their size would still be 1 x 1 arrays. This paper assesses bending of
sandwich structures. Analytical and elasticity solution are compared. The effect of the zig—zag form of the

displacement is discussed.

Nomenclature
! fo;’if“" = invariant pressure kernel (1 x 1 array)
Oy Puy, . .
! Duv‘.ll{,j = invariant pressure kernel (1 x 1 array)
! D‘Zf = invariant pressure kernel (1 x 1 array)
b Dl,f’x‘f,f} “ = invariant pressure kernel (1 x 1 array)
Ay Pu . .
bDLI,.llf ’ = invariant pressure kernel (1 x 1 array)
b Djuﬁ = invariant pressure kernel (1 x 1 array)
€, = vector containing the out-of-plane strains
€, = vector containing the in-plane strains
Exxs Eyys Vay = in-plane strains
€225 Vior Vyz = out-of-plane strains
ke L
Ku(fiﬁﬁ““ = invariant kernel (1 x 1 array)
ket By . .
Kuxug,ﬁ ! = invariant kernel (1 x 1 array)
kot B, s .
Kuixu‘;ﬂ* = invariant kernel (1 x 1 array)
ket Buy . .
Ku?u':,ﬁ ’ = invariant kernel (1 x 1 array)
kot o, . .
K u(jui P = invariant kernel (1 x 1 array)
ket Bu, . .
Kui(u:.ﬁ : = invariant kernel (1 x 1 array)
m, n = wave numbers
N,, = order of expansion used for the
displacement u,
N,, = order of expansion used for the
' displacement u,
N,. = order of expansion used for the
displacement u,
u, = displacement in the x direction
u, = displacement in the y direction
u, = displacement in the z direction
iy, i, = dimensionless in-plane displacements
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i, = dimensionless out-of-plane displacement

X,y = in-plane coordinates

*F,,YF,*F, = known functions used in the expansion along
the thickness

*F,,”F,,*F, = known functions used in the expansion along
the thickness

“F,,”F,,*F, = known functions used in the expansion along
the thickness

z = out-of-plane coordinate

Zhot, = z coordinate of the bottom surface of layer k

Ziopy = zcoordinate of the top surface of layer k

o = thickness primary master index

B = thickness secondary master index

' = nondimensional coordinate [see Eq. (39)]

g, = vector containing the in-plane stresses

o, = vector containing the out-of-plane stresses

G 0y, 0, = dimensionless out-of-plane stresses

Gy Oy, 0y, = dimensionless in-plane stresses

O Oyys Oxy = in-plane stresses

0> Oyzs Oy, = out-of-plane stresses

Subscripts

G = quantity calculated by using the geometric
relations [see Eq. (11)]

H = quantity calculated by using Hooke’s law

k = referred to layer k

U, = referred to displacement u,

u, = referred to displacement u,

u, = referred to displacement u,

Superscripts

k = referred to layer k

T = transpose

Introduction

Background and Motivation
INITE element method (FEM) [1-3] is a powerful tool widely
used in industry. With the growing computational capabilities of
modern computers, increasingly complex problems can be solved.
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Most aerospace structures can be modeled with shell and plate
models. Therefore, the importance of finite element applications of
such structures is great. Different problems have been solved in the
past: free vibration of plates [4—11], analysis of sandwich structures
[12-16], thermoelastic problems [17], piezoelectric plates and
multifield loadings [18-22].

With focus on axiomatic models (alternative approaches based on
asymptotic formulations are possible [23-26]), each existing method
presents a range of applicability and when the hypotheses used to
formulate the theory are no longer satisfied the approach has to be
replaced with another one usually named by the authors as refined
theory or improved theory. In the framework of the mechanical case
the classical plate theory, also known as Kirchoff theory [27], has the
advantage of being simple and reliable for thin plates. However, if
there is strong anisotropy of the mechanic properties, or if the
composite plate is relatively thick, other advanced models such as
first-order shear deformation theory (FSDT) are required [28-30].
Higher-order shear deformation theories (HSDT) have also been
used [7-9], giving the possibility to increase the accuracy of
numerical evaluations for moderately thick plates. But even these
theories are not sufficient if local effects are important or accuracy in
the calculation of transverse stresses is sought. Therefore, more
advanced plate theories have been developed to include zig-zag
effects [31-45].

When a new engineering problem with unknown behavior is
analyzed, the user may attack it with the most simple formulation or
with the most advanced and refined models or with an intermediate
solution which is a compromise between the accuracy and the CPU
time needs. This operation is usually costly. For example, the different
capabilities required for this approach are not available. In that case
in-house models are often created. But these in-house approaches
obviously do not contain all possible models between the least, and
usually fast, accurate one and the most advanced, and usually time
consuming, one. Even if different approaches are considered, each
one requires a different formulation of the FE stiffness matrix. A
major problem may arise in that case. The implemented capability
may not be sufficient to solve the challenging case the user is facing or
the CPU time is unacceptable and a less accurate theory would be
sufficient. These aspects are also problem-dependent and even if the
solution of a previous case was satisfactory, the same method may no
longer be adequate for a new task.

The problem of adequately modeling the behavior of the real
structure is then very challenging. For example, if two-dimensional
multilayered structures cases are considered, it may be necessary to
abandon the so-called equivalent single layer models and adopt
layerwise models [10,46-53] in which the variables are layer-
dependent. If the anisotropy in the thickness direction is very strong,
the accuracy can be preserved by increasing the number of layers
used in the mathematical model or/and by increasing the orders of the
axiomatic expansion along the thickness for the different variables. If
this approach is chosen, the use of solid elements can be avoided and
the advantage of having a two-dimensional mesh can be preserved.
Versatility is an important parameter in the choice of an approach
among available alternative methods. An optimization problem or a
probabilistic analysis (Monte—Carlo) needs to be very fast, whereas a
detailed study of the interlaminar stresses requires an advanced
model. The multitheory and multifidelity architecture presented in
this paper meets all the above mentioned requirements and is a
computationally efficient technique for the modelization of most of
the structures of engineering interest. Piezoelectric layers and
functionally graded materials can be considered as well. Multifidelity
models and mesh dependency reduction in shape optimization
software can be achieved by using the present approach.

Contributions of this Work

An invariant model, named generalized unified formulation
(GUF) is introduced. It can be considered a generalization of the
unified formulation [54] (named here as Carrera’s unified
formulation). With the present GUF all the needs earlier mentioned
are satisfied. In particular, the GUF allows to treat each displacement

variable independently from the others and this could lead to the
derivation of new FEM numerical techniques. (If a mixed variational
statement is used or if the case includes multifield quantities, other
variables may be modeled.) The orders of each variable are freely
chosen by the user and can be different than the orders used for the
thickness expansion of the other variables. This property means that
practically all classical equivalent single layer models can be
addressed by the GUF. For example, an advanced higher-order shear
deformation theory in which the in-plane displacements are
expanded along the thickness by using a cubic polynomial and in
which the out-of-plane displacement is parabolic can be represented
with GUF as well as the theory in which the orders for the in-plane
displacements are parabolic and the out-of-plane displacement is
linear. Any combination is allowed. But what is important is that all
the possible combinations that can be generated (which are oo® since
three displacement variables u,, u, and u, are here considered) are
obtained from the expansion of six kernels which are invariant with
respect to the order adopted for the displacements variables. That is,
all the higher-order shear deformation theories with any combination
of orders can be generated from the same six invariant kernels. The
kernels of the GUF are 1 x 1 matrices. If other variational statements
different than the principle of virtual work are used, the number of
independent kernels and their mathematical form will be different but
the size will always be 1 x 1.

It is possible to demonstrate that when the so-called zig—zag form
of the displacements is included by adopting Murakami’s zig—zag
function [31], the same invariant kernels can describe the 0o® zig-zag
theories that could be generated by changing the orders of the
expansions of the displacements. But these features are not limited to
the equivalent single layer models. Layerwise theories with any
combination of orders can be obtained, again, from the same six
invariant 1 x 1 kernels. The GUF clearly allows to have all these
infinite models in the same software. From the least accurate to the
most advanced one. The freedom to change the orders of expansion
in a layerwise model allows to reach a quasi-3D solution without the
actual need of solid elements and so with the preservation of the
advantages of having a two-dimensional mesh. This is very useful
when local effects are important or when the analyzed structure may
not be considered as a “thin structure” and so when the classical two-
dimensional formulation fails.

Another advantage of the GUF is in the possibility of a numerical
experiment or a sensitivity analysis of the problem under
investigation. For example, it is possible to explore if a particular
configuration of the constraints and loads is affected more by the
order of expansion of one variable with respect to the orders used for
the other variables. This feature is particularly appealing in the mixed
or multifield cases in which the order of expansion of some unknown
quanties may be determinant to have the correct numerical
simulation. But this is not all. The GUF can be used to “adapt” the
software to the optimization or probabilistic simulation. The user can
in fact study with a small number of runs the best combination of type
of theory (e.g., equivalent single layer theory with zig—zag function
vs a higher-order shear deformation theory) and orders that minimize
the CPU time and maximize the accuracy within the requested level.
Then the user can start the optimization or probabilistic study
knowing that the software gives the best performances because it is
tailored to the case under investigation. The GUF could also be used
to design automatic and intelligent FEM codes: the codes could
understand (with a designed algorithm) where the accuracy is
required the most and so they could try any of the types of theories and
any of the oo’ combinations allowed by GUF and improve the
accuracy of the prediction. As stated earlier this capability is not
limited to the pure mechanical case presented in this paper and it can
be easily extended to the multifield problems and functionally graded
materials.

A final but not less important advantage of the GUF is in the
educational possibilities for young engineers. The engineers could
learn a single formulation (GUF) and apply all the powerful features
of GUF to a very vast class of problems without the need of learning
new formulations of commercial software. With the GUF the
classical axiomatic approaches and the distinction between theories
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are just an exercise and the user can move from one approach to
another one without difficulties. The GUF can be then considered a
modern view of multilayered plates and shells with possible
applications in high fidelity codes in the different disciplines such as
aeroelasticity.

Classification of the Theories

The main feature of the GUF is that the descriptions of layerwise
theories, higher-order shear deformation theories, and zig-zag
theories of any combination of orders do not show any formal
differences and can all be obtained from six invariant kernels. So,
with just one theoretical model an infinite number of different
approaches can be considered. For example, in the case of
moderately thick plates a higher-order theory could be sufficient, but
for thick plates layerwise models may be required. With GUF the two
approaches are formally identical because the kernels are invariant
with respect to the type of theory.

In the present work the concepts of type of theory and class of
theories are introduced. The following types of displacement-based
theories are discussed. The first type is named as advanced higher-
order shear deformation theories (AHSDT). These theories are
equivalent single layer models because the displacement field is
unique and independent of the number of layers. The effects of the
transverse normal strain &, are retained.

The second type of theories is named as advanced zig—zag theories
(AZZT). These theories are equivalent single layer models and the
so-called zig—zag form of the displacements is taken into account by
using Murakami’s zig—zag function (MZZF). The effects of the
transverse normal strain &, are included. The third type of theories is
named advanced layerwise theories (ALWT). These theories are the
most accurate ones because all the displacements have a layerwise
description. The effects of the transverse normal strain ¢, are
included as well. These models are necessary when local effects need
to be described. The price is of course (in FEM applications) in higher
computational time. An infinite number of theories which have a
particular logic in the selection of the used orders of expansion is
defined as class of theories. For example, the infinite layerwise
theories which have the displacements u,, u, and u, expanded along
the thickness with a polynomial of order N are a class of theories. The
infinite theories which have the in-plane displacements u, and u,
expanded along the thickness with order N, the out of plane
displacement expanded along the thickness with order N — 1 are
another class of theories.

GUF for Multilayered Composite Plates

Both layerwise and equivalent single layer models are axiomatic
approaches. That is, the unknowns are expanded along the thickness
by using a chosen series of functions.

A

When the principal of virtual displacements is used, the unknowns
are the displacements u,, u,, and u,. When other variational
statements are used the unknowns may also be all or some of the
stresses and other quantities as well (multifield case).

The GUF is introduced here considering a generic layer k of a
multilayered plate structure. This is the most general approach and
the equivalent single layer theories, which consider the displacement
unknowns to be layer-independent, can be derived from this
formulation with some simple formal techniques as will be
demonstrated in this paper. Consider a theory denoted as Theory I, in
which the displacement in x direction u* has 4 degrees of freedom.
Here, by degrees of freedom it is intended the number of unknown
quantities that are used to expand a variable. In the case under
examination 4 degrees of freedom for the displacement uX means that
four unknowns are considered. Each unknown multiplies a known
function of the thickness coordinate z. Where the origin of the
coordinate z is measured is not important. However, from a practical
point of view it is convenient to assume that the middle plane of the
plate is also the plane with z = 0. This assumption does not imply
that there is a symmetry with respect to the plane z =0. The
formulation is general.

For layer k the following relation holds: zuy, < Z < Ziop, - Zboy, 18
the global coordinate z of the bottom surface of layer k and z,, is the
global coordinate z of the top surface of layer k (see Fig. 1). h; =
Ziop, — Zboy, 18 the thickness of layer k and £ is the thickness of the
plate.

In the case of theory I, u¥ is expressed as follows:

known unknown#1 known unknown#2

—_—— —— —_—— ——
ui(x,y,2) = fi@) -uf (v, y) + f5(2) - ul,(x,y)

+ f52) - ub (e y) + i) -k (xy)
N N— — N N — e’

known  unknown#3 known  unknown#4

zb(ytk =z= zt()pk (1)

The functions f%(z), f%(z), f%(z) and f%(z) are known functions

(axiomatic approach). These functions could be, for example, a series

of trigonometric functions of the thickness coordinate z. Polynomials

(or even better orthogonal polynomials) could be selected. In the

most general case each layer has different functions. For example,

¥(2) # f**1(z). The next formal step is to modify the notation.
The following functions are defined:

Fi)=fi) Fi2) =ik
Fi)=fi)  Fi() = fi) )

The logic behind these definitions is the following. The first function
f¥(z) is defined as *F¥. Notice the superscript x. It was added to
clarify that the displacement in x direction, u¥, is under investigation.
The subscript ¢ identifies the quantities at the top of the plate and,
therefore, will be useful in the assembling of the stiffness matrices in

the thickness direction.

Ztopy

Layer k& hi

h Zbotk$

Middle plane
(reference plane)

Fig. 1 Multilayered plate: notations and definitions.



DEMASI 1605

The last function f%(z) is defined as *F}. Notice again the
superscript x. The subscript b means bottom and, again, its utility will
be clear when the matrices are assembled.

The intermediate functions f%(z) and f%(z) are defined simply as
*F% and *F%. To be consistent with the definitions of Eq. (2), the
following unknown quantities are defined:

wh, (ey) = uf, (xy) o, (ey) =ul, (x,y) 3)

Using the definitions reported in Egs. (2) and (3), Eq. (1) can be
rewritten as

known unknown#1 known unknown#2

—— —— —m e N
up(x,y,2) = F{(2) -, (x.y) + “F3(2) - ul, (x,y)

+ FEQ@) () + CFp2) 1y, (6Y) o,
e N N e’

known unknown#3 known

S 2= Zop )

unknown#4

Itis supposed that each function of z is a polynomial. The order of the
expansion is then 3 and indicated as N¥ . A different order of expan-
sion may be selected for each layer. Thus in general N" #+ N"“ It
the functions of z are not polynomials (for example this is the case if
trigonometric functions are used) then N¥ is just a parameter related
to the number of terms or degrees of freedom used to describe the
displacement u* in the thickness direction. The expression repre-
senting the displacement u¥ (see Eq. (4)) can be putin a compact form
typical of the GUF presented here. In particular it is possible to
write:

ul(x,y,2) ="F, (2) - g, (x,)
@, =tLb;  1=2,... Nt (5)

where, in the example, N ’Lf = 3. The thickness primary master index
o has the subscript u,.. This subscript from now on will be called slave
index. Itis introduced to show that the displacement u, is considered.
Figure 2 explains these definitions. Consider another example.
Suppose that the displacement u* of a particular theory is expressed
with 3 degrees of freedom. In that case it is possible to write:

known unknown#1 known unknown#2
k T T N L T T e
uy(x,y,2) = f1(2) - uy, (6. y) + f2(2) -y, (x.y)

known  unknown#3
RN,
+ f3(2) - uy(x.y) (6)

By adopting the definitions earlier used for the case of 4 degrees of
freedom it is possible to rewrite Eq. (6) in the following equivalent
form:

known unknown#1 known  unknown#2

k k k ’-k,\ k
(%, y,2) = “Fi(2) -y, (x,y) + F3(2) - uy, (x.y)
known unknown#3
e e, e e,
+ *Fy(2) - uf, (x.y) O]

which can be put again in the form shown in Eq. (3) with N" =2.In
general N§ = DOF% — 1, where DOF%_is the number of degrees of
freedom (at layer level) used for the dlsplacement uk. In the case of
zig—zag theories it is possible to demonstrate that N, 3 . = DOF"X -2
because 1 degree of freedom is used for the zig—zag function.

The minimum number of degrees of freedom is chosen to be 2.
This is a choice used to facilitate the assembling in the thickness
direction. In fact, the top and bottom terms will be always present. In
the case in which DOF% = 2 the GUF is simply

uh(x,y,2) ="Fg, (2)-uly, (x.y) o, =1,b (®)

In this particular case the / term of Eq. (5) is not present.

An infinite number of theories can be included in Eq. (3). It is in
fact sufficient to change the value of N* . It should be observed that
formally there is no difference between two dlstmct theories
(obtained by changing N, A) It is deduced that co' theories can be
represented by Eq. (5).

The other displacements u¥ and uf can be treated in a similar
fashion. The GUF for all the displacements is the following:
= Fuf + Fuf, + Fuf ="F, uf

Xy,
au =1, l b l:2""’NMx
ub =YFul +YF,uf +Fuf =YF, ut

my,, o, Py,

a, =t,m,b; m=2,...,N

iy

ut =Ful +3F,uf +Fuf =%F, uf

b Oy, 7720y,

o, =t,n,b; n=2,....,N, 9)
In Eq. (9), for simplicity it is assumed that the type of functions is the
same for each layer and that the same number of terms is used for
each layer. This assumption will make it possible to adopt the same
GUF for all types of theories, and layerwise and equivalent single
layer theories will not show formal differences. This concept means,
for example, that if displacement u,, is approximated with five terms
in a particular layer k then it will be approximated with five terms in
all layers of the multilayered structure.

Each displacement variable can be expanded in co! combinations.
In fact, it is sufficient to change the number of terms used for each
variable. Because there are three variables (the displacements u,, u,,
and u,), it is concluded that Eq. (9) includes 0o® different theories.
For now the quantities are defined in a layerwise sense but it will be
shown that the same concept is valid for the equivalent single layer
cases as well.

Governing Equations

A multilayered structure composed of N, layers is considered. The
principle of virtual work for the case of two pressures applied at the
top and bottom of each layer k is

[ [ et + deiotiaz aray = o
Zho
= Lk Suk(x, ¥, 2 = 2iop )PY (X, 9.2 = Z,0p,) dx dy
+ Ak Suk(x,y, 2 = 2o ) PY (X, ¥, 2 = Zyop, ) dx dy
+ Lk SUt(x, ¥, 2 = 2iop )P (X, 7,2 = Z0p,) dxdy
+ /S;k Suk (X, ¥, 2 = Zpot ) PX (X, 9, 2 = Zper, ) dx dy
b [ s = 2 PR, = sy
+ Ak Sub(x,y,2 = 2oy )PE (X, ¥, 2 = Zpoy,) dxdy

+f / N [SukGh, + SulGk, + Sutah.]dzds (10)
k
o v Zboy,

where P, PX" and P are the top pressures (applied at z = zmpk) Pk,
P and P"” are the bottom pressures (applied at z = Zhot, ) O s O

Thickness Primary

Master Index
Example

“Fi

Slave index

ux

Related to the
direction

Related to the
displacement

Fig. 2 GUF: master and slave indices.
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and &%, are the specified normal and tangential components
measured per unit area, uX, u* and u* are the normal and tangential
displacements on the edge I'¥, in which the stresses are specified. Itis
assumed that Qf = Q.

All the stresses and strains are retained. No restricting hypotheses
are formulated. The relation between the stresses and strains is
Hooke’s law [48] (details omitted for brevity). The geometric
relations relate the strains to the derivative of the displacements.
Using the formalism of the GUF it is possible to write

k
k — au«‘ X k
ExxG = ox - @y ux%x.x
k
v Ouy y k
&6 = dy = "Fa, Uya,,,
duk  duk
ko 9Ux Y _x k y k
Yoy = 3y + ax Falu Usa,, +- qu‘. uyolu‘..x
dut  duk
kK _ 9% X _z k x k
Vi = Ax 9z - F% Uz, . + Q.2 Uxa,,
. out  dut . \
Vv = 9 + 9 ="la, Uz, , +VF,,
y z :
uk
— Z_z k
2zG 32 - F‘)‘up!uzuu: (11)

where the symbol “)” indicates the derivative. For example, *F,,

indicates the derivative of °F, ~with respect to z. The explicit form

for the function SeﬁTGa’l‘, H under the sign of integral of Eq. (10) is (for

more details about all the terms see Appendix A)
8ekToky = 8ek ;Choek  + other terms (12)

Using the geometric relations explicitly presented in Eq. (11) (for
more details about all the terms see Appendix A)

Seltoly = szxF% 'y, 8u’§uwui‘ﬁﬁw + other terms  (13)

The function 8e*La*%,, can be obtained by using a similar procedure

(for more details about all the terms see Appendix A)
8eklat, = ek Chiel ; + other terms (14)

Using the geometric relations represented by Eq. (11) (for more
details about all the terms see Appendix A):

KT ok _ ok 2 z
SenGony = C33 Fa“z‘z

Fﬁu:jSu’z‘%! u’z‘ﬂ“z + other terms (15)
Equations (13) and (15) [see also Eq. (10)] are integrated over the
volume of layer k. The integrals along the thickness can be
immediately performed. The notation used for that integrals is shown
in Fig. 3. An integration by parts is performed (details omitted for
brevity). Now the focus is on the external virtual work. Consider the
applied pressures. They are written in a slightly different manner to
use the power of the present GUF. Consider in particular the pressure
term uk (x, ¥, Ziop, ) PA (X, ¥, Ziop,) [s€ Eq. (10)]. PY'(X, Y, Z0p,) is the
force per unit of area in direction x (subscript x) and applied at the top
surface (z = z,p,) of the layer k (the superscript ¢ indicates the top
surface of layer k ). The pressure P¥(x,y, Ziop,) 18 thought as a
function along the thickness (this is to use GUF) as follows:

P’;’(x, Ys Ztopk) = XF%X (Z = Ztopk) : P];&”Y(X, Y) (16)

Notice that in Eq. (16) the same number of terms used for the

expansion in the thickness direction of the displacement ¥ has been

considered. This is a natural choice, considering the fact that the

pressure in x direction works with the displacement in x direction.
Now the following notation is introduced:

“Fg, =Fo, (2= 2Zip,) 7

Nkallz’zﬁuz;

Example 1: definition of Z

33u,u,

. Nkaux ﬁuzl
Example 2: definition of Z

13uy u,

Fig. 3 GUF: examples of some definitions related to the integrals along
the thickness.

The superscript # means that the functions *F,, are all calculated at
the z which corresponds to the top surface of layer k (i.€., 2 = Zop,)
where the pressure is assumed to be applied. Using this definition, the
pressure can be written by adopting the formalism already used for
the displacements

Pit(x7yvztopk)=XFt ‘Pkt (x’y)szt Pkt (18)

ay, xXay, a,, t xa,,
Observing that

5M1§ (x, Vs Ztopk) = XF(XL,) (Z = Ztopk) : Sufra”x (X, Y) = XF:;,,X (Sul;a,,x
19)

the contribution of the pressure P¥(x, y, Ziop,) to the external virtual
work can be written as (the secondary master index 8 needs to be
used):

Sullé (.X, Y, Zmpk)P,l;t(x’ ys Zlnpk) = 5uk XF;L,A XF/tf,‘X P«l\fieux (20)

X0ty

or

kot

(Sul; (X, Y, Zlopk)P,]? (X, Ys Ztopk) = Su];aﬂx tD".\“.\ﬂux Pi;}:«x (21)

where

‘D =Fy, F, (22)

The other applied pressures are similarly treated. Superscript b is
used to indicate the bottom pressure; for example, *F gw =
“F, (2 = Zboy,)- The virtual external work can then be rewritten as
(see Appendix B for the details about the other terms)

SLE=+ | Suy, 'Dilul Pk dxdy
o Ot Ducie " p,
+ / /mek [Sukak, + Sutah, + SukGk,]dzds + other terms (23)
r§ Zboty,

The pressure terms (for example PI;;S ) are inputs of the problem.

Terms of the type ’Dﬁ‘?;}‘(ﬁ“‘ are defined as pressure fundamental

kernels and are 1 x 1 matrices.

The pressure has been treated in a particular form because it is a
natural choice for the case of multilayered structures analyzed with
GUF.

The term in Eq. (23), which contains the prescribed stresses, is
elaborated to obtain an expression that contains the displacements u¥,
u¥ and u¥. This elaboration is required since, in general, different
orders of expansions are used for different variables. After a few
elaborations it can be demonstrated that the contribution of layer & to
the expression of virtual external work is (see Appendix B for the
details about the other terms):
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SLK = / Sutky, ‘D" PX, dxdy

kamﬂu,
Zu ik Sum" B ds

ket Bu
+ Z,,au‘ﬁ i / ) Sut, t"ﬂ ds + other terms (24)
ey 0

It is now assumed that where f’;a is assigned the corresponding
quantity u},, is notassigned. Similarly, where f"v‘% is assigned u’;%
is not assigned and where f’z‘a is assigned u¥ 2, 18 notassigned. When
the displacements are assigned, the virtual variations of the
displacements are zero. For example, consider the displacement
uf%, which is assigned (see above) only on the boundary portion
I'* — T%. Therefore, in this portion of the boundary §uf, =0.
Similar considerations can be made for the other displacemenfs and,
thus, the following relations can be written:

Sut

xXou,,

=0 onI*—-T¥

5”,’5% =0 onTI¥—T¥

Suf, =0 onTI*—Tk (25)
Considering these last relations and with the help of Fig. 3 the

governing equations are (see Appendix C for more details about the
other terms)

ki kb
Sub,, © —Zy\uluk, Dl PR other terms = 0
(26)
ket Buy kbayy Bu
Suhe, © = Ziygu, Usp, ., — Duu " Py + other terms =0
@27
ket B kbar, B,
Suty, : +Zyy,5, g,  — Dua“ Pl + other terms =0
(28)

Boundary conditions are omitted for brevity. The governing
equations here obtained are formally independent of the actual orders
used to expand the displacements. This feature will lead to the
invariant kernels from which all possible theories are generated.

Navier-Type Solution

To demonstrate how the invariant model is built, a Navier-type
solution is considered. The invariant models are built under some
hypotheses which can be easily removed when the FEM is used. The
FEM procedure is not much different from a formal point of view and
will be presented in future works.

In the Navier-type solution only lamination schemes with angles 0
or 90 are used. Thus, it is deduced that C16 = C26 = C% = C45 =0
[48]. Suppose also that the reference plane of the plate is a rectangle
with length a in the x direction and b in the y direction. The external
loads and displacements are assumed to have a sinusoidal
distribution

kt — x pkt  Ommx QY kb — x pkb Oommx QRITY
Py, =Py, C™S) P, ="Pp Ca" 5
kt — y pkt max NIy — y pkb Qmmx NIy
Py, ="Pp,Si™C" Py, = Pp SiTC,
kt  _ z pkt Qmmx QNIY kb _ z pkb CQmmx QNTY
Pzﬂ“z - Pﬂ“: Sa Sb Pzﬁuz - Pﬁu: Sa Sb (29)
k — xJ7k mux QY k — YTk mx (MY
uxau Uau C S M}’au Uau S c
uk — ot“ Smrm S"’T} (30)

201y,

where the following definitions have been used

mmx nmw
Cym™ = cos —— S = sin
a b
. mmx nmwy
S = gin —— C™ = cos—— (31)
a a b

where m and n are the wave numbers. The symbol Pkfe which

indicates the pressure (along x) at the top surface of layer k should not
be confused with the amplitude ‘P"’ associated to the trigonometric
expansion [see Eq. (29)]. Slmllar cons1derat10ns are valid for the
other pressures applied at the top and bottom surfaces of layer k. The
Navier-type assumptions used for the displacements and applied
pressures solve exactly the problem of simply supported plate [48].
Substituting Egs. (29) and (30) into relations (26-28) the governing
equations become

it + Kiil Uy, + KUUy 4 Ki[5U, =R,

B w By Puc ,
Sitye, : + Kuji, Uy, + Kufty "Us + Kui “*Us =R,

uy

bty + Kl U, + KU, + KiSloU, =R, (32)

where the loads have been defined as follows:

. kta, kba,
)‘Rzu — Du‘u““ ﬁtw vrPkt + D utrﬁwxl_)kb
. 3
kta, /Su‘ kba, ﬂ“\
yR](; _D M‘ "VPIE; +Du u“ ‘Pﬁﬁ (33)
y 'y

. kta,_ B - kba,,_ B
&R‘];u — Du uu uz P’él + Du uu u Zpléb
z uz u

The nine fundamental nuclei or kernels of the GUF [see Eq. (32)] are

defined as follows (here only the definition of Kl;a,j P
the remaining eight kernels see Appendix D):

¢ isreported; for

K = Zgule g o gl iy gl e 3a
These kernels do not change if the theory is changed or if the orders of
the variables are changed. Thus, for example, a layerwise theory with
cubic expansion for the in-plane displacements and parabolic
expansion for the out-of-plane displacement will be generated from
the same kernels used to obtain the equivalent single layer zig-zag
theory that presents a parabolic expansion for the in-plane displace-
ments and linear expansion for the out-of-plane displacement. Only
six kernels are required to generate any theory. This can be seen from
the following derivations. At structural level (after the assembling
process) the governing equations can be written as

KuXuXXU + Kuxu}yU + KMXI.I ‘U= Di{ u\XP’ + Dlu’,(u,rXPb ="P
Kur‘,uxxU + Kuvu‘,yU + Kl@u U= th uy P+ DZ‘,M‘.be =P
K,.,U+K,,'U+K, “U=D,, P+ Dzzuzzl’b =P

(35)
In a matrix form, the system becomes
Ku‘u( Ku,(u‘. I(uluZ XU XP
Ku).u). Kuyuz ° U = P (36)
Symm K. .. U P
It is deduced [see Eq. (36)] that with the following six invariant
kot Bu, ux Bu ket Bu, kot B,
fundamental kernels K a“xﬂ“*, I(l:uf,ﬁ ', Kﬁfuj P KL,?lliﬁ' s Kufu:ﬁ

and Kllfl,; Pie can generate all types of theories with any order of
expansion in the thickness direction. Each variable can be
represented with a different order with respect the other variables.
This property is also valid in the FEM representation.

The main properties of the GUF are described in Fig. 4.
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Generalized Unified Formulation
Case of displacement-based theories

The variational statement is the
Principle of Virtual Work

®

Orders Ny, , Nu, and Ny, are used
for the displacements u,u, and u-

@

For bottom and top layers:
Generation of the layer matrices

tnk k tnk
Duxux bDuXux Duyuy
"D, ‘DL "D,

From the six 1X1 independent
pressure fundamental nuclei:

Important property:
the fundamental nuclei
are invariant with respect
to the theory: they do not
change if N, Ny, and N,
are changed. Layerwise
theories, higher order theorie

©)

Pressure amplitudes at multilayer
level are chosen. The vectors

Ypt be yp! yl)b zpt sz

are created

For each layer:
Generation of the layer matrices

k k
K., K., Ki.,
kT k k
Kuxuy Kuyuv Kuyuz
kT kT k
K,.. K K.

Uytiz

From six 1X1 independent

tDﬁfu’f'B“ kalluXple

UxUx

tykawBuy  bykawp
Duyuy” ™ "Duyuy”

tD,fZZt;zﬂuz ka{luzﬁllz

Uzlz
This operation is performed
by varying the indices ., fu,, etc
For the other layers the
pressure matrices are with only

ZErO0S.

Assembling of the matrices in the
thickness direction. Layerwise
theories, higher order theories and
zig-zag theories have different
assembling procedures.

@

Solution of the system

theories

Kuxux Kuxuy Kuxuz U "R
Kzfxuy Kuyu,, Kuyuz *[?U|= |’R
Kl Kiu Kuw| [7Ul R

and zig-zag theories have the
same fundamental nuclei

(kernels of the Generalized
Unified Formulation)

o3 layerwise theories

o3 higher order shear deformation

o3 higher order zig zag theories
can be generated.

No other theoretical development:

are required.No changing of the

code is required

fundamental nuclei:

kau, B ka ka
KdusPus ghtusPuy grlupu

ka v kotwyBuz k -
K Pr KiourPee K fianePee

This operation is performed
by varying the indices a.,, Bu, ,

ete.

Calculation of the external loads
(RHS of the equation):

‘R = tDuxux P4 bDuxux . YpPP
YR= "Dy, »"P + "Dy, 7P
IR = tDuzuz JIPt 4 hDuzuz . ZPpb

Using *U »U *U:
Calculation of the in-plane
stresses by using Hooke’s law

Calculation of the out-of-plane
stresses by using Hooke’s law or
by integrating the indefinite
equilibrium equations

Fig. 4 GUF for displacement-based theories.

Advanced Layerwise Theories Generated
by Using the GUF

Equivalent single layer theories give a sufficiently accurate
description of the global laminate response. However, these theories
are not adequate for determining the stress fields at ply level.
Layerwise theories assume separate displacement field expansions
within each layer. The accuracy is then greater but the price is in the
increased computational cost. Many layerwise plate models have
been proposed in the past by applying Classical Plate Theory or
Higher-order Shear Deformation Theories at each layer. General-
izations of these approaches were also given, and the displacements
variables were expressed in terms of Lagrange polynomials. Many
papers are devoted on the subject of layerwise theories [10,11,46—
51]. The conceptual differences between the displacement fields in
layerwise and equivalent single layer Theories are depicted in Fig. 5.
Layerwise models are computationally more expensive than the less

accurate equivalent single layer models. Therefore, layerwise models
can be used in regions of the structure in which an accurate
description is required [53], whereas equivalent single layer models
are employed in other parts of the structure. The GUF form for the
displacements has been derived at layer level in Eq. (9). LWT are
going to be developed and so Eq. (9) applies for this case. The
functions of the thickness coordinate [see Eq. (9)] are introduced in a
general form. For example, *F, is a function of z and can be a
polynomial, trigonometric, exponential or another function chosen
apriori. To have the assembling process along the thickness direction
immediate and intuitive and indicated for the case of multilayered
structures a convenient expansion along the thickness is introduced.

The displacements must be continuous functions along the
thickness to ensure the compatibility between two adjacent layers.
Therefore, it is convenient for the axiomatic expansions along the
thickness to have the following properties. The first property is that



DEMASI 1609

AZ

A Z
Equivalent single layer theories

Z

X,y

Layerwise theories
=’/ /

Linear Higher order
displacement field ~ displacement field

w
J [

Linear Higher order
displacement field  displacement field

Fig. 5 Layerwise theories vs equivalent single layer theories in a three layered structure.

for z = 7y, (the bottom surface of layer k) all the functions along the
thickness are zero except the one which multiplies the term
corresponding to the bottom (subscript b). For example, in the case of
the displacement ¥, the functions calculated at the bottom of layer k
should give the following values:

F(z= mek) =0

Fz= Zbolk) =0 Fy(z= Zbolk) =1

(37

If the previous conditions are satisfied then ufh isnotjustatermin the
thickness expansion of the variable ¥ but assumes the meaning of
the value that the displacement uX takes when the bottom surface of
layer k is considered (i.e., Z = Zpo, ). This now explains why the
subscript “b” is introduced in the notation. Similar concept is applied
for the top surface of the layer. A good set of function satisfies the
following relations:

XFI(Z = Zlopk) =1

XF[(Z = Zl(ypk) =0 th(Z = Ztopk) =0

(38)

and so u¥ is not just a term in the thickness expansion of the variable
u* but assumes the meaning of the value that the displacement u*
takes when the top surface of layer k is considered (i.e., z = Zp, )-
This now explains why the subscript ¢ is introduced. The second
property is that numerical stability (no ill conditioning when the
orders are increased) is important. Therefore, orthogonal
polynomials should be preferred.

A good set of functions which satisfy the above mentioned
properties should be selected. It is possible to demonstrate that all the
previous properties are satisfied if particular combination of
Legendre polynomials is used. Legendre polynomials are defined in
the interval [—1, 1]. Thus, a transformation is necessary:

2 0+0
&= 7 — Jon T Shou —1<L<+1 (39

Ztopy — <boty Ztopy — <boty

where {, is a nondimensional coordinate. The Legendre polynomial
of order zero is Py(¢;) = 1. The Legendre polynomial of order one is
P, (&) = & The higher-order polynomials can be obtained by using
Bonnet’s recursion [55] formula. Bonnet’s formula is a convenient
method to calculate the Legendre polynomials in a practical code
based on the GUF.

The same type of functions for all displacements are used. This is
not necessary with the GUF but it is more practical. The following
combination of Legendre functions is used:

*F,="F,=F, :#, *F, =YF, =*F, :#
*Fj=P/,—P_,  1=23,...N,

Fp=P,—P,5  m=23..N,

‘F,=P,—P,,  n=273,...N, (40)

in which P; = P;(,) is the Legendre polynomial of j-order. The
chosen functions have the following properties:

(= [F1 EOFE =1 O EE = 0F, O, F, =0
k= =1, “F,YF,°F, =vaFbayF[,7zFb =1,"F, F,,°F, =0
(41

Thus, the properties earlier mentioned are all satisfied and this set of
functions is a good choice to build the advanced layerwise theories. It
is then possible to create any class of theories by changing the orders
of displacements. Suppose, for example, that a theory has the
following data: N, =3, N, =2, N, =4. The corresponding
theory is indicated as LDs,,. The first letter L means layerwise
theory, the second letter D means that a displacement-based theory is
formulated (i.e., the variational statement is the principle of virtual
displacements) The subscripts are the orders of the Legendre
polynomials used for the displacements. In general, the acronym is
then built as follows: LDy, Nuy Ny -

Expansion of the Six 1 x 1 Invariant Kernels: Matrices at Layer Level

In this paper the expansion used in the different variables does not
change and each layer is treated in the same way. Thus, for example,
Nf =Nit'=N, . The expansion of the kernels is the most
important part of the generation of one of the possible 0o’ layerwise
theories. This operation is done at layer level. To explain how this
operation is performed, consider the case of theory L D3y, in which
the number of degrees of freedom, at layer level, is the following:

[DOF}, =N, +1=3+1=4

[DOF]; =N, +1=2+1=3 42)
[DOFf, =N, +1=6+1=7

From the number of degrees of freedom it is possible to calculate the

. . . ket Bu. .
size of the layer matrices. For example, when matrix K, , *“ is

expanded then the final size at layer level will be [DOFJf x [DOF]’,j )

. .k, B,
In the example relative to theory L D356, matrix K,f,,ﬁ P at layer level

(indicated as K’;Xu\_) is a 4 x 7 matrix and obtained as explained in
Fig. 6.

Assembling in the Thickness Direction: From Layer
to Multilayer Level

The assembling must consider the compatibility of the displace-
ments between two adjacent layers. Figure 7 shows how the
assembling of a typical matrix is performed. The pressure matrices
are obtained from the pressure kernels using the same method shown
in Figs. 6 and 7. The use of combinations of Legendre polynomials
ensures the continuity of the functions, which are used to expand the
displacements. Figure 8 shows this concept for the case of theory
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au =tLb 1 =23
B =tnb n=273456

[DOF]} =N, +1=4

[DOF)}, =N, +1=7

Oy, =1 Qu, =1
w. =1 Pu=b
UxUz
(1x1) (1x1)
Qu, =1 Ay, =t
Pu- = Bu-=6
kt6
K{{lizuz . =1 Qu, =1 KuXuZ
1x1) pu 3 , pu=5 (Ix1)
Qu, =
Kﬁ?uz Bu. =4 @
(x1) K%, (x1)
(1x1)

Expanded matrix (layer level)

ktt kt2
Kuxuz Kuxuz

k2t k22
Kuxuz I(llqu

k3t k32
Kuxuz Kuxuz

kb2
K leilz K Uxlz

k
Kuxuz —

(porFyt x [DOFIL)

kt3 kt4
K Uxllz K Uxllz

k23 k24 k25 k26 k2b
Kuxuz Kuxuz Kuxu: Kuxu; Kuxu:

k33 k34 k35 k36 k3b
Kuxuz Kuxuz Kuxuz K“xuz Kuxuz

kb3 kb4 kb5 kb6 kbb
Kuxuz Kuxuz Kuxu; Kuxuz Kuxuz

@

Fig. 6 GUF: example of expansion from a kernel to a layer matrix. Case of theory LD3,¢, from K,’;f,:“ B to Kﬁ,uz-

LDs,,. The pressure amplitudes at multilayer level are input of the
problem. The layer pressure matrices (for example lDﬁxu,\) are
obtained using a method similar to the one adopted for the stiffness
matrices. They are generated from the pressure fundamental kernels
and assembled. In the practice, all the pressure matrices are set to be
with only zeros except the top and bottom layers in which the
pressure is actually applied. Once the matrices are all assembled,
Eq. (36) is obtained and the displacement amplitudes can be found. In
the case of FEM applications the unknowns will be the nodal

displacements and the concepts are the same.

Advanced Higher-Order Shear Deformation
Theories Generated by Using the GUF

The derivation is started by considering a particular theory in
which the in-plane displacements are expanded along the thickness
by using a cubic polynomial and the out-of-plane displacement u, is
parabolic. In this case it is possible to write the displacements as
follows:

Uy = Uy, + Z¢1ux + 22¢qu + Z3¢3'u
Theory I: § uy =uy, + 2y, + Zz¢2uy + Z3¢3“‘_ 43)
u, =u, + Z(ﬁluz + Z2¢2“Z

For each displacement component the concepts of the GUF can be
applied. For example, the displacement u, is written as

Uy = Uy, + Z¢1M + zz¢2h + Z3¢3“X
="Fu, +* Fyu,, +*Fyu, +*F,u,, (44)

where

z

):FZZZ; xF3:Z2; th:Z?a
(45)
Uy, = ux'); sz = ¢lux; ux3 = ¢2"(; ux,, = 3ux

The GUF for the displacement u, is

W, ="Fy g, o, =tlb; [=2..N, (46

where, in the example (see Eqgs. (43), (44), and (46), N, = 3. Notice
that the superscript x in *F, is used to clearly enhance that
the displacement u, (displacement in the x direction) is being
considered.

For the displacement u, the formal procedure produces similar
results (notice that now the slave index is uy):

—_y — .
u, ="F o, Uya,, o, =t,m,b;

m=2,...,N, (47)
The displacement u, is only parabolic [three terms are used in the
expansion; see Eq. (43)], but the representation is formally the same:

@, =t,nb; n=2..,N, (48

The superscript & is not present, whereas in the layerwise case it was.
In fact, in equivalent single layer models the displacement fields have
a description at plate level and not at layerwise level. The GUF for
this case (Eqgs. (46-48)) is formally equivalent to the writing of
Eq. (9). This similarity suggests that it is possible to use the layerwise
GUF for the equivalent single layer case as well. That is, Eq. (9) can
be used for the equivalent single layer case. The fact that the
displacement field does not have a layerwise description (see, for
example, Theory I explicitly written in Eq. (43)) is taken into account
when the assembling in the thickness direction of the layer matrices is
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[DOF)S =N, +1=4

If we have N; layers, the number of
Degrees of Freedom is obtained
as follows:

[DOF], = [DOF]! «N/— (N, - 1)
[DOF], = [DOF]% +N/—(N;—1)

This example considers two layers.
So [DOF], =17 [DOF], =13

[DOF]Y =Ny +1=1

Layers have different thickness
and material properties. So the
matrices are different

Kuxuz

(k+1)

UxlUz

K

([DOF], x[DOF], )

Uz

Compatibility is imposed

Kifa" K™ KEGD® Kig™® Kei)® Kag)e K" o 0 0 0 0 0
L SRS ST S AR SV S S R o o o 0 0 0
KOG KO KOG KOG KGR KOG KOs o o6 o 0 0 0
Kl KO KPS KD KOG KOS KGO+ K| KR, KiG. KL K. KiES K
o 0o 0 0 0 0 K. BOKIEL KEL O OKEL KL K
o 0 0 0 0 0 K Kii  Kin. K@i Ko Kot K
o 0o 0 0 0 0 Kt KER KWL KL KW KBS KEL

k
Kuxuz

Fig. 7 GUF: example of assembling from layer matrices to multilayer matrix. Case of theory LDs,,, from K’,jx,,z and Kf,’iﬁzl) oK, .

considered. For the AHSDTs it is then possible to use Eq. (9).
However, now the functions of the thickness coordinates are going to
be different. The functions of the thickness coordinate are assumed to
be of the type 1, z, z%, 73 . . .. This choice is made for consistency with
the usual approach used in the literature for equivalent single layer
models. The actual functions are reported below:

Fo=1  YF,=1 F =1

XFZZZ szzz ZFZZZ

XF3=ZZ ’VF3=Z2 zF3=Z2

xFl — 2171 }Fm — mel :Fn — anl

XFb — ZN”X )'Fb — ZN”_V ZFb = ZN“: (49)

As for the layerwise case it is possible to create a class of theories by
changing the order used for the displacements. Suppose, for
example, that a theory has the following data: N, =3, N, =2,
N, = 4. The corresponding advanced higher-order shear deform-
ation theory is indicated as ED3,4. The first letter £ means equivalent
single layer theory, the second letter D means that a displacement-

based formulation is used. The subscripts are the orders of the
polynomials used for the displacements. In general, the acronym is
then built as follows: EDy, n, w,. -

Expansion of the Six 1 x 1 Invariant Kernels: Matrices
at Layer Level

Besides the different form of the functions used to expand the
displacements, AHSDTs do not present formal differences with

respect to the layerwise cases. For example, the generation of layer

. ket Bu, . .
matrix K];,u, from the kernel Ku‘juj P in the cases of theories

LD3y and ED3 (which have the same number of degrees of
freedom at layer level) is formally the same. Thus, Fig. 6 applies
for the case of theory EDs,4 as well. Of course, the actual integrals
along the thickness are different because different functions have
been used (compare Eqs. (40) and (49) and see the definitions of
Fig. 3).

Assembling in the Thickness Direction: From Layer
to Multilayer Level

The displacement fields are treated as equivalent single layer
quantities, and this makes the assembling procedure different with
respect to the layerwise case. The continuity of the displacements in
the thickness direction must be imposed. So, it is not difficult to show
that the assembling is performed as shown in Fig. 9). The pressure
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This example assumes two layers

[DOF]i = N, +1 =4 = [DOF],
[DOF)i =N, +1=3> [DOF],, = [DOF]’;y N -(N;-1)=5

[DOF)! = N, +1 =5 = [DOF], = [DOF]t +N;,—(N;-1) =9

[DOF]% «N/—=(N;=1) =7

Unknown
displacement amplitudes

(k+1) XU
t

=

U

¥ U§k+1)

in{ =yU1(,k+1)

in( :nglﬁ—l)

X Uéc

B k
YUy

V4
W e U
t
Lo ———Ffo
o
" zUic :ngkH)
L ]

zU[l)c

o

Fig. 8 Case of theory LD;,,. Multilayer unknown displacement and amplitudes for the case in which the number of layers is two.

matrices are obtained using similar procedure and the details are
omitted for brevity. The final equations at multilayer level are again
given by relation (36). This equivalence is another advantage of the
GUF.

AHSDTs with Zig—Zag Effects Generated
by Using the GUF

The higher-order shear deformation theories may be not
sufficiently accurate in some challenging cases. One option would be
to abandon the equivalent single layer description and use layerwise
theories. However, this may be computationally too expensive. Is
there anything more accurate than HSDT with a similar number of
degrees of freedom? The answer is yes, zig—zag theories [43]. The
concept behind zig-zag theories and zig-zag form of the
displacements is the following. The equilibrium between two
adjacent layers implies that the out-of-plane stresses are equal at the
interface. These stresses can be thought as a combination of strains
multiplied by some coefficients that depend on the material of each
layer (Hooke’s law). In general, two layers have different mechanical
properties and, therefore, different strains are required to obtain
equilibrium. The strains are related to the derivatives of the displace-
ments (geometric relations). Thus, different strains imply different
slopes of the displacements. This fact leads to the zig—zag form of the
displacements (see Fig. 10).

A very large amount of literature has been devoted to the
formulation of axiomatic zig—zag theories that take into account
these requirements. Three different categories [43] of zig-zag
theories can be created. The first category is Lekhnitskii Multilayered
Theory (LMT). The second is Ambartsumian Multilayered Theory
(AMT) and the third is Reissner Multilayered Theory (RMT). LMT
was introduced for the particular case of cantilevered multilayered
beam [32] and almost ignored in subsequent works with a few
exceptions [37,38]. A summary of the main facts of LMT is presented
in [43]. Ambartsumian work [33-36] was an extension of Reissner—

Mindlin theory [28,29]. RMT is based on Reissner’s mixed
variational theorem [56,57].

The present paper takes into account the zig—zag effects by
adopting Murakami’s zig—zag function [31] (see Fig. 10). MZZF has
the advantage of being simple and reproducing the discontinuity of
the first derivative of the displacements in the thickness direction. It
will be demonstrated that the usage of MZZF is more effective than
increasing the orders of the expansions of the variables along the
thickness.

The derivation is started from the advanced higher-order shear
deformation theory expressed by Eq. (43). Theory I [see Eq. (43)] is
then improved as follows (Theory II is the resulting theory):

Theory II:
Extra term for Zig-Zag effect
e e,
k
(=1)"u,

Extra term for Zig-Zag effect
. (50)
k (
(_ 1 ) é‘k u yz

U, = uxo + Z¢lux + Z2¢2u< + Z3¢3U)‘ +

uy = uy + 2y, + ¢y, +27¢;, +

Extra term for Zig-Zag effect

e e,
(_1)k§kuzz

u,=uy, +2¢y, + ¢y, +

The quantity ¢, is defined in Eq. (39). In Eq. (50), valid for a theory
with Zig—Zag form of the displacements included, the following can
be observed.

In Murakami’s zig—zag functions the term (—1)* is present. k is the
integer representing the ID of a generic layer, k = 1 is for the bottom
layer and k = N, is for the top layer (N, is the number of layers). The
term (—1)* enforces the discontinuity of the first derivative
(thickness direction) of the displacement. For example, in layer & the
derivative with respect to z of the zig-zag term relative to the
component u, is
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AHSDT ED 324

[DOF)f =N, +1=4

If we have N; layers, the number of
Degrees of Freedom is obtained
as follows:

[DOF], = [DOF]* (ESL description!)
[DOF],, = [DOF];, (ESL description!)

Two layers are assumed in this example.
So we have [DOF], =4 [DOF], =3

uy

[DOF]; =N, +1=3

Layers have different thicknesses
and material properties. So the
matrices are different

Kot # Kit,

([DOF], x[DOF], )

Ux

K kD

Uy
K KiEDe K
K™ KD K
K KD K

k+1)bt k+1)b2 k+1)bb
Kaxuy) Kl(lxuy) K(uxuy)

ity

k
Kuxuy

Kktt Kktz Kktb

Uity Uxity Uxlly
k2t k22 k2b
K“X“y Kuxuy Kuxuy

k3t k32 k3b
Ku,\'uy Kuxuy Ku)cuy

kbt kb2 kbb
Kuxuy Kuxuy Kuxuy

Compatibility is imposed

k+1)tt ktt
K(quly) + Kuxl(y

k+1)2t
K02+ K2

k+1)3t k3t
K(uxuy) + Kuxuy

k+1)bt kbt
K1(4xuy) +Kuxuy

2

KL +Kif,

k+1)22 k22

K02 + K,

k+1)32 k32
K(muy) +K

k+1)b2 kb2
Kl(uuy) + Kuxuy

k+1)tb ktb
Kﬁxu),) +Kuxuy
k+1)2b k2b
Kgdxuy> +Kuxllv
k+1)3b k3b
Uxly K(uxuy) +Kuxuy

k+1)bb. kbb
K00+ KD

Fig. 9 GUF: example of assembling from layer matrices to multilayer matrix. Case of theory ED3,,, from K’,jx,,y and K,(,’iﬁy') oK, .

d[(_l)ké—kuxz] —(_1\k c&c_ 1)k 2
4 = (—D*u,, & = (—D*u,, (51)

Ztop; — Zboty

As can be seen the term (—1)* strongly affects the sign of the
derivative. The displacements still have an equivalent single layer
description. In fact, the terms u,,, u,, and u_, are independent of the
actual layer and defined for the whole plate. The zig—zag form of the
displacements is taken into account a priori by adding only 3 degrees
of freedom (u,,,, u,, and u,,, respectively). This is a general property
and does not depend on the orders used for the expansion of the
different variables. That is, a generic theory can take into account the
zig—zag form of the displacements by adding only three extra degrees
of freedoms, as was done in Eqgs. (43) and (50) for the case of Theory
I. For each displacement component the concepts of the GUF is still
valid. However, in this case Eqs. (46—48) have to be slightly modified
because they have to contain an extra term which comes from the zig—
zag function. This is explained if for example displacement u, is
considered

Uy =iy, +2¢y, + 22¢2M + Z3¢3u) + (=Df¢u,,
= th”x, + xFZ”xz + XF3uX3 + XF4MX4 + XFquh (52)

where

Fo=1,  YFy=z;  Fy=2%

XF4=ZS; buz(_l)ké-k

Uy, = Uy Uy, =¢1,; Uy, =, 3

Uy =3, 5 Uy, =y, (53)

The GUF for the displacement u, is

u,=*F, u a, =11,b; I1=2,...

uy e, Ny, +1(54)
where, in the example, N, = 3. For the displacement u, the formal
procedure produces similar results:

e
Uy ="F, ttyq, @

=t,m,b; m=2,...,N, +1 (55)

u,

The displacement u_ is only parabolic, but the representation is
formally the same
=t,nb; n=2,...

— 2
u, = Fa“; Uz, o

N, +1 (56)
For the case of zig—zag theories, the GUF [Egs. (54-56)] is formally
equivalent to a layerwise case in which the same number of terms is
considered. Thus see Eq. (9)
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Final Zig-Zag form

A of the displacement. Function representing
Z The first derivative the displacement
is not, in general, a continuos (for example Uy)
function /
Layer k / /
Zbot k ’
4
2 Xy
Ll
Vig-Zag

Murakami’s Zig-Zag Function: (-1 )kg“ k
é, . 2 Ztop . TZbot k
k = Ztopy ~Zbot . Ztop —Zbot,

Fig. 10 Zig-zag form of the displacements and Murakami’s zig-zag function.

The first letter E means equivalent single layer theory, the second

Vlower skin = Dupperkin = Vcore = 0.34| . .
b =3a , rosp letter D means displacement-based theory, the third letter Z means
Ftowersin = 10 00 s that the zig—zag form of the displacements is enforced a priori. The
Prupper skin = g m=n=1 subscripts are the orders of the polynomials used for the

PLCt,y) —P'sin 22 sin 2 displacements. In general the acronym is then built as follows:
EDZy, n, N, The formal generation of the stiffness matrices from
the kernels of the GUF is done as in the case of AHSDTs. The
difference is only in the sizes of the matrices and of course in the
actual values of the integrals along the thickness. For example,
consider theories ED5,4 and EDZ;,,. They both have the same
orders. However, in the zig—zag theory there is an extra degree of
freedom for each displacement variable. This means that the layer
matrix K’;tu‘_ has size 4 x 3 in the case of theory ED3,, whereas the
size is 5 x 4 in the case of theory EDZ3,,. The assembling at multi-
Fig. 11 Geometry of the plate sandwich structure. layered level follows the same procedure outliqed in. the case of
AHSDTs. The final system that has to be solved is again Eq. (36).

""\‘\\‘
h
,,”I s

\\\
lll,,,"I,,' w \\\ \\\\

RN Trupper skin
sy Q\\\\\\\\\\\\\\\\\\
\ Core
b

hlower skin

a

Wi="F, u, o, =tLb [=2...N, +1 Results
. ! . ! i The multilayered structure is a sandwich plate (see Fig. 11) made
uy ="Fy iy, o, =1t,m,b; m=2,...,N, +1 of two skins and a core [Myoyerskin = 1/105 Pypper sin = 25/ 10;
’ ’ Elower skin —
uk = F, Mka o, =t b; n=2,....N, +1 (57) heore = (7/10)R]. Tt is also E:. mtm 5/4. The plate is simply
o ) supported and the load is a sinusoidal pressure applied at the top
where surface of the plate (m =n = 1). Different cases are proposed
YF, = YF, = F, =1

Table 1 Comparison of various layerwise theories to evaluate

TFy = 2 F, = 2 F, = 2 the transverse displacement amplitude (center plate deflection)
~ 100E e upper skin =3 - -
iy = U T inzZ =2} otom o x=al2,y=0/2
xFl — Zlfl )'Fm — Zm—l an — anl a/h 4 100
FCSR = 10!
Elasticity 3.01123 Error % 1.51021 Error % DOF
. LD 2.98058 —1.02 1.47242 —2.50 12
Fy=EDN R, =D TR =D (98) LDy 3.00603 E—o.17§ 151020 ((0.00)) 24
LDy, 3.00983  (=0.05) 151021 0.00) 30
LDsss 3.01123 (0.00) 1.51021 (0.00) 48
The AZZTs are obtained by adding the zig-zag form of the FCSR = 10°
displacements to the AHSDTs presented above. This is also evident Elasticity 1.31593-10"”  Em% 2.08948-10™"  Em%
if Egs. (49) and (58) are compared. It is possible to create a class of LDy 979008 - 10:22 (=25.6)  1.96509- 10:2? (=595 12
theories by changing the order used for the displacements. Suppose, LDys 1.31222-10 (=0.28) 2.08948.10" " (0.00) 24

LDy 1.31473- 107 (—0.09) 2.08948-10~%  (0.00) 30

for example, that a theory has the following data: N, =3, N, =2, LDss, 131593102 (0.00) 2.08949-10-%  (0.00) 48

N, = 4. The corresponding AZZT theory is indicated as EDZ3,.
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here: 1) face-to-core stiffness ratio = FCSR = E'%V:I_Z““ =10";
a/h=4,100, and 2) face-to-core stiffness ratio = FCSR=
Blgertin = 10°; a/h = 4, 100.

As far as Poisson’s ratio is concerned, the following values are
used: Ujgwer skin = Uupper skin = Ucore = U = 0.34. In all cases b = 3a.
In this test case there is no symmetry with respect the plane z = 0.
The following nondimensional quantities are introduced:

ﬁ =u Ecorc . L/i =u Ecorc . 12 =u IOOEcorc .
X XZPth(%)S’ y yZP’/’l(%)S’ z ZZPth(%)ét’
A Ox ~ Oy A 0,
O = “Hrras Oy = —FDrra > O =75
=P T PR ° P
A Oy S Gyv ~ 0xy
Gp= B G =N G =B (50)
ZPt(E)z yy ZPZ(;)Z y ZPt(Z)Z

Table 2 Comparison of various AHSDT to evaluate the

transverse displacement amplitude (center plate deflection)
7 100E oy

fl; = U Zpoy e in z = zpPPerskin Sh,x=a/2,y=b/2
a/h 4 100
FCSR = 10!
Elasticity 3.01123 Err.% 1.51021 Err.% DOF
ED,, 1.58218 (—47.5) 1.10845 (—26.6) 6
ED,s 2.00048 (—33.6) 1.50862 (=0.11) 10
ED,>s 2.03295 (—32.5) 1.50864 (—0.10) 12
EDgj35 2.73658 (-9.12) 1.50979 (—0.03) 14
ED gy, 2.79960 (=7.03) 1.50989 (—0.02) 15
ED s 2.80707 (—6.78) 1.50989 (—=0.02) 16
EDss, 284978 (=536) 15099  (=0.02) 18
ED;y; 2.86875 (—4.73) 1.50999 (-=0.01) 24
FCSR = 10°
Elasticity 1.31593-107  Emr.% 2.08948-10~%  Ermr.%
ED,, = 1.79831-10% (—98.6) 1.19941-10"% (-943) 6

ED,s  2.49683-10"% (=98.1) 1.63241-10~% (=92.2) 10
EDys  4.09818-10% (=96.9) 1.63247-10-% (=92.2) 12
EDys  7.83554-10°% (=94.0) 1.64006-10~% (—92.2) 14
ED,,  1.16851-10% (—91.1) 1.64835-10~% (—92.1) 15
EDys  131972-10°% (=90.0) 1.64835-10~% (=92.1) 16
EDsss  429224-107% (=67.4) 1.73120-100% (=91.7) 18
ED,,  1.08119-102 (—17.8) 2.96304-10~% (—85.8) 24

Table 3 Comparison of various advanced zig-zag theories to
evaluate the transverse displacement amplitude (center plate
deflection) &2, = u M0Eeore i 7 = z::,’f,i;,‘k‘" = %h,x =af2,y=>b/2

PR

a/h 4 100

FCSR = 10!
Elasticity 3.01123 Err.% 1.51021 Em% DOF
EDZ,,, 234412 (—22.2) 1.15866 (=233) 9
EDZ,s 2.68809 (—10.7) 1.50975 (—0.03) 13
EDZ,s 2.97597 (—1.17) 1.51015 0.00) 15
EDZy3s 2.98229 (—0.96) 1.51017 0.00) 17
EDZy, 2.97886 (-1.07) 151017 (0.00) 18
EDZ,4s 2.98242 (—0.96) 1.51017 0.00) 19
EDZss; 2.98737 (—0.79) 1.51018 0.00) 21
EDZ, 2.99670 (—0.48) 1.51019 0.00) 27

FCSR = 10°

Elasticity 1.31593-107 Error % 2.08948 - 10~ Error %

EDZ,,, 836735-107" (=93.6) 1.63329-10% (-92.2) 9
EDZ,s 7.93264-107% (=39.7) 1.64323-107% (-92.1) 13
EDZys  9.52709-107% (=27.6) 2.24726-10~%* (—89.2) 15
EDZys  1.02216-10792  (—=22.3) 2.70584-10~% (—87.0) 17
EDZ,, 126288102 (—4.03) 1.16305-107% (—443) 18
EDZ,s 1.26702-107% (=3.72) 1.16345-10"% (—44.3) 19
EDZsss  1.30409-1072 (—0.90) 1.78411-10"% (—14.6) 21
EDZy;;  131363-10792 (—0.17) 2.02060- 1079 (=3.30) 27

1615

Table 4 Comparison of various layerwise theories to evaluate
the transverse shear stress 6,, = ZU_L(;) inz = ZPherskin = 3y,
x = 0,y = b/2. The indefinite equilibrium equations

have been integrated along the thickness

a/h 4 Err. 100 Error
FCSR = 10!
Elasticity 0.32168 Error % 0.33176 Error % DOF
LD, 0.31730 (—1.36) 0.32345 (-2.50) 12
LD 0.32157 (=0.03) 0.33177 (0.00) 24
LDys 0.32142 (—0.08) 0.33176  (0.00) 30
LDss;s 0.32168 (0.00) 0.33176  (0.00) 48
FCSR = 10°
Elasticity 5.40842-10~%* Error % 0.27797 Error %
LD, 1.05700- 107%* (—80.5) 0.26143 (-5.95) 12

LD 3.25506 - 107% (=39.8) 0.27797  (0.00) 24
LDy)s 5.40033-10"% (=0.15) 0.27797  (0.00) 30
LDs;ss 5.40842-10"%  (0.00) 0.27797  (0.00) 48

Table 5 Comparison of various AHSDT to evaluate the

A AV ki
transverse shear stress 6., = ;—“‘(1) inz =z e " =3k, x=0,

y = b/2. The indefinite equilibrium equations have been
integrated along the thickness

a/h 4 Error 100 Error

FCSR = 10!
Elasticity 0.32168 Error % 0.33176 Error % DOF
ED,;, 0.33178 (+3.14) 0.33178 (40.01) 6
ED 5 0.32509 (+1.06) 0.33177  (0.00) 10
ED s 0.32503 (+1.04) 0.33177  (0.00) 12
EDj35 0.32502 (+1.04) 0.33177  (0.00) 14
ED 4 0.33240 (+3.33) 033178 (4+0.01) 15
ED s 0.32976 (+2.51) 0.33178 (+0.01) 16
EDsss 0.32884 (+2.23) 033178 (4+0.01) 18
EDyy 032707  (+1.68) 033177 (0.00) 24

FCSR = 10°
Elasticity 5.40842-107* Error % 0.27797 Error %
ED,y, 0.33242 (>100) 0.33242 (+19.6) 6
ED,5 0.33277 (>100) 0.33243 (+19.6) 10
EDj»s 0.33166 (>100) 0.33243 (+19.6) 12
EDx35 0.32018 (>100) 0.33241 (+19.6) 14
EDgyy 0.30529 (>100) 0.33238 (+16.6) 15
ED s 0.30566 (>100) 0.33238 (+16.6) 16
EDsss 0.21639 (>100) 0.33214 (419.5) 18

ED;; 3.96907-107%2  (>100) 0.32865 (+18.2) 24

Table 6 Comparison of various advanced zig-zag theories to
evaluate the transverse shear stress 6, = ;3% in
h

7 =zjpPerskin = 3 x =0,y = b/2. The indefinite equilibrium
equations have been integrated along the thickness
a/h 4 Error 100 Error
FCSR = 10!
Elasticity 0.32168 Error % 0.33176 Error % DOF
EDZ,,, 0.34184 (+6.27) 034497 (+3.98) 9
EDZ, ;s 0.32854 (+2.13) 033178 (40.01) 13
EDZ,,s 0.32856 (+2.14) 033178 (+0.01) 15
EDZ35 0.32803 (+1.97) 033178 (40.01) 17
EDZ,4, 0.32913 (+2.32) 033178 (40.01) 18
EDZ s 0.32783 (+1.91) 033178 (4+0.01) 19
EDZ.; 0.32755 (+1.82) 033177 (0.00) 21
EDZ;7; 0.32530 (+1.12) 033177 (40.00) 27
FCSR = 10°
Elasticity 5.40842-10~% Em% 0.27797 Em.%
EDZ,, 0.30971 (>100) 0.33077 (419.0) 9

EDZ,s  8.48754-1072 (>100) 033240 (+19.6) 13
EDZ,s 5.88764-1072 (>100) 0.33069 (+19.0) 15
EDZys  4.74947-1072  (>100) 0.32939 (+18.5) 17
EDZ,, 6.84336-107% (>100) 0.30392 (+9.34) 18
EDZ,us  6.84955-107%  (>100) 030405 (+9.38) 19
EDZsss  1.87520-107%  (>100) 0.28655 (+3.09) 21
EDZ;;;  8.02443-107% (4+48.4) 027994 (+0.71) 27
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.0, %) Elasticity

0.03 . .

0.02 |

Elasticity

0.01 |

-0.01 |

-0.02

FCSR = fgasn — 101 =3a (==

-0.03 1 1 1 1 1 1 1 1 1

b)

Fig. 12 Dimensionless in-plane displacement ,.

All the results have been compared with the solution obtained by
solving the exact problem [13]. The exact value is indicated with the
terminology elasticity and is the reference value corresponding
to the solution of the differential equations that govern the
problem. The details of this elasticity solution are here omitted for
brevity [13].

Tables 1-6 compare a large number of ALWT, AHSDT, and
AZZT. The orders of the expansions along the thickness are changed.
FCSR is dramatically changed to clearly show the limitations of
some of the possible approaches. From Tables 1-6 it is deduced that
when FCSR is very high most of the AHSDTs fail to predict the
correct displacements or stresses. For example, when FCSR = 10°
even the AHSDT with order 5 (or larger) of all the displacements has
alarge error [see Table 2 and Fig. 12a)]. The zig—zag theories present
a better compromise [see Fig. 12a)] but only the layerwise theories
can achieve excellent accuracy even for this very challenging case
(thick plate with extremely high FCSR). This is demonstrated in
Tables 1 and 4. When FCSR is not very high the equivalent single
layer theories present a very good approximation. In particular, the
zig—zag theories are capable to capture the correct displacement and
stress fields even for thick plates (see Fig. 12b). This is due to the fact
that the zig—zag form of the displacements is enforced a priori by the
means of Murakami’s zig—zag function. The GUF allows to compare
different types of theories and different types of expansions without
any effort. It can be then considered a natural tool to study the
numerical performances of multilayered structures in general (see
[58]). The sensitivity with respect to the type of theory and/or orders
of expansion is an impractical task with the classical approaches but
this does not present problems when the GUF is used. A virtually
infinite number of layerwise, zig—zag, and higher-order theories can
be generated with any effort.

Conclusions

Aninvariant methodology, the GUF, to include practically any type
of axiomatic theory has been presented. oo’ higher-order shear
deformation theories, oo’ zig-zag theories, and oo’ layerwise
theories, with any combination of orders of expansion for the dis-
placement variables can be derived from six invariant 1 x 1 matrices.
This property gives the possibility to include in a single software and
FEM formulation classical and advanced models. It is then possible to
find the best formulation, among the infinite possible choices, for the
problem under investigation. The applicability of the GUF is not
confined to the displacement-based case. Mixed variational state-
ments can in fact be used and multifield loadings could be included as
well. In any case all the theories are derived from 1 x 1 invariant
matrices (the so-called kernels of the GUF). The number of indepen-
dent kernels depend on the variational statement that is used. In the
case of displacement-based theories only six kernels are required,

whereas in the case of mixed variational statements this number is
different.

The possibility to select the type of theory among the infinite
possibilities without actually change the software makes the GUF
particularly indicated for the solution of optimization and probabilis-
tic problems and for the quasi-3D analysis of structures when
localized effects are important. The GUF can also have an important
educational feature because it allows the user to adopt practically all
the existing approaches and to compare with an infinite number of
more advanced models. The engineer has only to learn a single
invariant formulation and software and this can be applied to study a
very large variety of new cases. When the CPU time is more impor-
tant then a low order theory can be selected and when the accuracy is
the determinant factor the order can be increased or the theory can be
changed for a more advanced analysis.

The GUF is also a powerful tool to evaluate the sensitivity with
respect the order of expansion or the type of theory (e.g., higher-order
shear deformation theories with or without zig—zag effects included
in the model). This property makes possible to tailor the software to
the peculiarity of a new problem with unknown requirements in
terms of axiomatic theories necessary to study it. An adaptive FEM
software can be designed using the GUF: the software can change the
orders or the theory without the actual need of a new code or
theoretical development.

The paper presented an application of these concepts for a
sandwich structure. It is demonstrated that when the face-to-core
stiffness ratio is very high the classical approaches fail and a
layerwise formulation is required. This finding is immediate with the
GUF because all the possible combinations of orders are allowed and
also different types of theories can be experimented as well. It is
concluded that the GUF is a modern approach for the theoretical and
computational analysis of multilayered structures.

Appendix A

This appendix presents the explicit expressions for the in-plane
and out-of-plane contributions of the virtual work ([see the left-hand
side of Eq. (10)]

KT ok 8ok ok ok k ok ok k Ok Lk
8€pGO'pH - 5é\)c)chvll“‘:")ch + SSXXGCIZSny + 88XXGC16)/X}’G
k ok k k ok ok k k Lk
+ 88xchl381zG + 88)‘)‘Gcl2axx6 + 58)’}'6 C22€ny

k Ok Lk k ok ok k Ok ok
+ 88)’)’GC26 nyG + 88)’}'0 C238zzG + SyxyGCmgxxG

+ ‘Sl’fyc:ééﬁsfw + 86 éés)’fy(; + ‘SnyGé&g?zG (AD)

Using the geometric relations [Eq. (11)]
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Now focus is on the function §e*Lo*
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Using the geometric relations [Eq. (11)]
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Appendix B
This appendix presents the explicit expressions for virtual external
work [see Eqgs. (23) and (24)]
SLE = / Bityg, ‘D PY dxdy
uy Bu ket Bu,
/ Sitye, ’Du iy P ,, dxdy + / S, ' D p P'z‘lg dxdy
/ St e, ”Dka“'ﬂ“* Py dxdy + / 514)% sza,“} Py Py dxdy
(Su ﬁa,“,iﬂ“z P dxdy

/ / [5uﬁa,m + Sukok, + ukck ]dzds (B1)
Zboty,

After a few elaborations it can be demonstrated that the contribution
of layer k to the expression of virtual external work is

Xll
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Appendix C

This appendix presents the explicit expressions for the governing
equations [see Eqs. (26-28)]
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Appendix D

This appendix presents the explicit expressions for the invariant
kernels of the GUF [see Eq. (34)]. The expressions for the kernels
follow



1618 DEMASI
2.2 2.2 13
Kkan/\‘ﬂux =4 Zk%xﬁux m-w + Zkauxﬁux n-w ket Buy (3]
Uylty - uyu, 2 (77 bz S5Suyu,
a
2 2
kety Bu, ko, B, MATT ket B, MANTT
Kby — 4 7w + x Puy
Uy 12uu, ab 661, ab [14]
ket B, Kty Bu, . IMTC ket Bu, MIT
xPuz 2,z 2z
K”x": - Zl3uxuz + ZSSuAu_,
2 2
Kka,(v Bur +Zka,‘yﬂux mni ke, B, MATT [15]
Uyl - Uy ,
¥ 12uyu, ab 6614y 1, ab
2.2 2.2
KB ko Py 0T katy, By, T ke, Fu.  (DI)
iylty - 22uyuy bz 66uyuy 2 44uyuy, [16]
Kkoz“yﬂ,,z _ Zka«yﬂu:.: nm + katy, Bu, NTT
Uyly - 23uyu; b Aduyu, b
KB _ +Z’(%zﬂux_z mg ke, i, M [17
[TR7M = . - u,
Z S5u u, a 13u u, a
Koty Buy katy_ Buy . MIT ke, Bu, NIT
K”z”y = +Z44u:uy 7 = “23u.u, 7 (18]
2.2 2.2
koty, B, | kot fu, T kot . T ket B .
K”:“: - +ZSSu.LL 2 + Z44u.u. 2 33u,u, [19]
zUz a Uz b ¥z
Acknowledgment [20]

The author acknowledges the support by San Diego State
University (University Grant Program).

References

[1] Felippa, C. A., Haugen, B., and Militello, C., “From the individual
element test to finite element templates: evolution of the patch test,”
International Journal for Numerical Methods in Engineering, Vol. 38,
No. 2, 1995, pp. 199-222.
doi:10.1002/nme. 1620380204

[2] Zienkiewicz, O. C.,and Taylor, R. L., “The Finite Element Method,” 5th
ed., Butterworths, London, 2000.

[3] Bathe, K. J., Finite Element Procedures, Prentice Hall, Englewood
Cliffs, NJ, 1996.

[4] Kapania, R. K., and Lovejoy, A. E., “Free Vibration of Thick Generally
Laminated Cantilever Quadri-Lateral Plates,” AIAA Journal, Vol. 34,
No. 7, 1996, pp. 1474-1486.
doi:10.2514/3.13256

[5] Leissa, A., Vibration of Plates, U.S. Govt. Printing Office, Washington
D.C., 1969.

[6] Leissa, A., “The Free Vibration of Rectangular Plates,” Journal of

Sound and Vibration, Vol. 31, 1973, pp. 257-93.

[7] Swaminathan, K., and Patil, S. S., “Analytical Solutions Using Higher
Order Refined Computational Model with 12 Degrees of Freedom for
the Free Vibration Analysis of Antisymmetric Angle-Ply Plates,”
Journal of Reinforced Plastics and Composites, Vol. 27, No. 5, 2008,
pp. 541-553.
doi:10.1016/j.compstruct.2007.01.001.

[8] Kant, T., and Swaminathan, K., “Free Vibration of Isotropic,
Orthotropic, and Multilayer Plates Based on Higher Order Refined
Theories,” Journal of Sound and Vibration, Vol. 241, No. 2, 2001,
pp. 319-327.
doi:10.1006/jsvi.2000.3232

[9] WuZhen, Y. K., Cheung, S. L., and Chen, W., “Effects of Higher-Order
Global-Local Shear Deformations on Bending, Vibration and Buckling
of Multilayered Plates,” Composite Structures, Vol. 82, No. 2,
Jan. 2008, pp. 277-289.
doi:10.1016/j.compstruct.2007.01.017.

[10] Cho, K. N., Bert, C. W., and Striz, A. G., “Free Vibrations of Laminated
Rectangular Plates Analyzed by Higher Order Individual-Layer
Theory,” Journal of Sound and Vibration, Vol. 145, No. 3, 1991,
pp- 429-442.
doi:10.1016/0022-460X(91)90112-W

[11] Nosier, A., Kapania, R. K., and Reddy, J. N., “Free Vibration Analysis
of Laminated Plates Using a Layer-Wise Theory,” AIAA Journal,
Vol. 31, No. 12, 1993, pp. 2335-2346.
doi:10.2514/3.11933

[12] Kapania, R. K., Soliman, H. E., Vasudeva, S., Hughes, O., and
Makhecha, D. P., “Static Analysis of Sandwich Panels with Square
Honeycomb Core,” AIAA Journal, Vol. 46, No. 3, 2008, pp. 627—
634.

[21]

[22]

[23]

[24]

[25]

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

Demasi, L., “2D, Quasi 3D and 3D Exact Solutions for Bending of
Thick and Thin Sandwich Plates,” Journal of Sandwich Structures and
Materials, Vol. 10, No. 4, 2008, pp. 271-310.
doi:10.1177/1099636208089311

Meyer-Piening, H. R., “Application of the Elasticity Solution to Linear
Sandwich Beam, Plate and Shell Analyses,” Journal of Sandwich
Structures and Materials, , Vol. 6, No. 4, 2004, pp. 295-312.
doi:10.1177/1099636204035395

Carrera, E., and Demasi, L., “Two Benchmarks to Assess Two-
Dimensional Theories of Sandwich, Composite Plates,” AIAA Journal,
Vol. 41, No. 7, 2003, pp. 1356-1362.

doi:10.2514/2.2081

Noor, A. K., Burton, E. S., and Bert, C. W., “Computational Models for
Sandwich Panels and Shells,” Applied Mechanics Reviews, Vol. 49,
No. 3, 1996, pp. 155-199.

doi:10.1115/1.3101923

Bathia, M., and Livne, E., “Design-Oriented Thermostructural Analysis
with External and Internal Radiation, Part 1: Steady State,” AIAA
Journal, Vol. 46, No. 3, 2008, pp. 578-590.

Carrera, E., and Nali, P., “A Comprehensive FE Model for the Analysis
of Multilayered Structures Subjected to Multifield Loadings,” AIAA
Paper 2008-1878, 2008.

Batra, R. C., and Vidoli, S., “Higher Order Piezoelectric Plate Theory
Derived from a Three-Dimensional Variational Principle,” AIAA
Journal, Vol. 40, No. 1, 2002, pp. 91-104.

doi:10.2514/2.1618

Benjeddou, A., and Andianarison, O., “A Heat Mixed Variational
Theorem for Thermoelastic Multilayered Composites,” Computers and
Structures, Vol. 84, Nos. 19-20, 2006, pp. 1247-1255.
doi:10.1016/j.compstruc.2006.01.019

D’Ottavio, M., and Kroplin, B., “An extension of Reissner Mixed
Variational Theorem to Piezoelectric Laminates,” Mechanics of
Advanced Materials and Structures, Vol. 13, No. 2, 2006, pp. 139—
150.

doi:10.1080/15376490500451718

D’Ottavio, M., Ballhause, D., Kroplin, B., and Carrera, E., “Closed-
Form Solutions for the Free-Vibration Problem of Multilayered
Piezoelectric Shells,” Computers and Structures, Vol. 84, Nos. 22-23,
2006, pp. 1506-1528.

doi:10.1016/j.compstruc.2006.01.030

Yu, W., Hodges, D. H., and Volovoi, V. V., “Asymptotic Construction of
Reissner-Like Models for Composite Plates with Accurate Strain
Recovery,” International Journal of Solids and Structures, Vol. 39,
No. 20, 2002, pp. 5185-5203.

doi:10.1016/S0020-7683(02)00410-9

Yu, W., Hodges, D. H., and Volovoi, V. V., “Asymptotic Accurate 3-D
Recovery from Reissner-Like Composite Plate Finite Elements,”
Computers and Structures, Vol. 81, No. 7, 2003, pp. 439-454.
doi:10.1016/S0045-7949(03)00011-7

Yu, W., and Hodges, D. H., “Asymptotic Approach for Thermoelastic
Analysis of Laminated Composite Plates,” Journal of Engineering
Mechanics, Vol. 130, No. 5, 2004, pp. 531-540.
doi:10.1061/(ASCE)0733-9399(2004)130:5(531)

Yu, W., “Mathematical Construction of a Reissner—Mindlin Plate
Theory for Composite Laminates,” International Journal of Solids and
Structures, Vol. 42, No. 26, 2005, pp. 6680-6699.
doi:10.1016/].ijsolstr.2005.02.049

Kirchhoff, G., “Uber das Gleichgewicht und die Bewegung Einer
Elastischen Scheibe,” Journal fiir die Reine und Angewandte
Mathematik, Vol. 1850, No. 40, 1850, pp. 51-88.

Reissner, E., “The Effect of Transverse Shear Deformation on the
Bending of Elastic Plates,” Journal of Applied Mechanics, Vol. 12,
No. 2, 1945, pp. 69-76.

Mindlin, “Influence of Rotatory Inertia and Shear in Flexural Motion of
Isotropic Elastic Plates,” Journal of Applied Mechanics, Vol. 18, 1951,
pp- 1031-1036.

Karger, L., Wetzel, A., Rolfes, R., and Rohwer, K., “A Three-Layered
Sandwich Element with Improved Transverse Shear Stiffness and
Stress Based on FSDT,” Computers and Structures, Vol. 84, Nos. 13—
14, May 2006, pp. 843-854.

doi:10.1016/j.compstruc.2006.02.007.

Murakami, H., “Laminated Composite Plate Theory with Improved In-
Plane Response,” Journal of Applied Mechanics, Vol. 53, No. 3, 1986,
pp- 661-666.

doi:10.1115/1.3171828

Lekhnitskii, S. G., “Strength Calculation of Composite Beams,” Vestnik
Inzhen i Tekhnikov, Vol. 9, 1935.

Ambartsumian, S. A., “On a Theory of Bending of Anisotropic Plates,”
Investiia Akad Nauk SSSR, Ot Tekh Nauk, Vol. 4, 1958.



http://dx.doi.org/10.1002/nme.1620380204
http://dx.doi.org/10.2514/3.13256
http://dx.doi.org/10.1016/j.compstruct.2007.01.001
http://dx.doi.org/10.1006/jsvi.2000.3232
http://dx.doi.org/10.1016/j.compstruct.2007.01.017
http://dx.doi.org/10.1016/0022-460X(91)90112-W
http://dx.doi.org/10.2514/3.11933
http://dx.doi.org/10.1177/1099636208089311
http://dx.doi.org/10.1177/1099636204035395
http://dx.doi.org/10.2514/2.2081
http://dx.doi.org/10.1115/1.3101923
http://dx.doi.org/10.2514/2.1618
http://dx.doi.org/10.1016/j.compstruc.2006.01.019
http://dx.doi.org/10.1080/15376490500451718
http://dx.doi.org/10.1016/j.compstruc.2006.01.030
http://dx.doi.org/10.1016/S0020-7683(02)00410-9
http://dx.doi.org/10.1016/S0045-7949(03)00011-7
http://dx.doi.org/10.1061/(ASCE)0733-9399(2004)130:5(531)
http://dx.doi.org/10.1016/j.ijsolstr.2005.02.049
http://dx.doi.org/10.1016/j.compstruc.2006.02.007
http://dx.doi.org/10.1115/1.3171828

DEMASI

[34] Ambartsumian, S. A., “On a General Theory of Anisotropic Shells,”
Prikladnaia Matematika I Mekhanika , Vol. 22, 1958, pp. 226-237.

[35] Ambartsumian, S. A., “Analysis of Two-Layer Orthotropic Shells,”
Investiia Akad Nauk SSSR, Ot Tekh Nauk, Vol. 7, 1957.

[36] Ambartsumian, S. A., “Two Analysis Method for Two-Layer
Orthotropic Shells,” Izv An Arm SSR Seiya Fiz-Matem nauk X(2),
Vol. 7, 1957.

[37] Ren, J. G., “A New Theory of Laminated Plates,” Composites Science
and Technology, Vol. 26, No. 3, 1986, pp. 225-239.
doi:10.1016/0266-3538(86)90087-4

[38] Ren,J. G., “Bending Theory of Laminated Plates,” Composites Science
and Technology, Vol. 27, No. 3, 1986, pp. 225-248.
doi:10.1016/0266-3538(86)90033-3

[39] Brischetto, S., Carrera, E., and Demasi, L., “Improved Response of
Unsymmetrically Laminated Sandwich Plates by Using Zig—Zag
Functions,” Journal of Sandwich Structures and Materials, Vol. 11,
Nos. 2-3, 2009, pp. 257-267.

[40] Brischetto, S., Carrera, E., and Demasi, L., “Improved Bending
Analysis of Sandwich Plates Using Zig—Zag Functions,” Composite
Structures, Vol. 89, No. 3, July 2009, pp. 408—415.

[41] Brischetto, S., Carrera, E., and Demasi, L., “Free Vibration of Sandwich
Plates and Shells by Using Zig—Zag Function,” Shock and Vibration,
Vol. 16, No. 5, 2009, pp. 495-503.

[42] Demasi, L., “Refined Multilayered Plate Elements Based on Murakami
Zig—Zag Functions,” Composite Structures, Vol. 70, No. 3, 2005,
pp. 308-16.

[43] Carrera, E., “Historical Review of Zig—Zag Theories for Multilayered
Plates and Shells,” Applied Mechanics Reviews, Vol. 56, No. 3,
2003.

[44] Librescu, L., “Improved Linear Theory of Elastic Anisotropic
Multilayered Shells, Part 1,” Polymer Mechanics (translated from
Russian), Vol. 11, No. 6, 1975.

[45] Fares, M. E., and Elmarghany, M. K., “A Refined Zigzag Nonlinear
First-Order Shear Deformation Theory of Composite Laminated
Plates,” Composite Structures, Vol. 82, No. 1, Jan. 2008, pp. 71-83.
doi:10.1016/j.compstruct.2006.12.007.

[46] Reddy, J. N., “An Evaluation of Equivalent Single Layer and Layerwise
Theories of Composite Laminates,” Composite Structures, Vol. 25,
Nos. 1-4, 1993, pp. 21-35.
doi:10.1016/0263-8223(93)90147-1

[47] Robbins, D. H., and Reddy, J. N., “Modelling of Thick Composites
Using a Layerwise Laminate Theory,” International Journal for
Numerical Methods in Engineering, Vol. 36, No. 4, 1993, pp. 655-677.
doi:10.1002/nme. 1620360407

1619

[48] Reddy, J. N., Mechanics of Laminated Composite Plates, Theory and
Analysis, 2nd ed., CRC Press., Boca Raton, FL, 2004.

[49] Carrera, E., “Mixed Layer-Wise Models for Multilayered Plates
Analysis,” Composite Structures, Vol. 43, No. 1, 1998, pp. 57-70.
doi:10.1016/S0263-8223(98)00097-X

[50] Carrera, E., “Evaluation of Layer-Wise Mixed Theories for Laminated
Plates Analysis,” AIAA Journal, Vol. 36, No. 5, 1998, pp. 830-839.
doi:10.2514/2.444

[51] Carrera, E., “Layer-Wise Mixed Theories for Accurate Vibration
Analysis of Multilayered Plates,” Journal of Applied Mechanics,
Vol. 65, No. 4, 1998, pp. 820-828.
doi:10.1115/1.2791917

[52] Tahani, M., “Analysis of Laminated Composite Beams Using
Layerwise Displacement Theories,” Composite Structures, Vol. 79,
No. 4, 2007, pp. 535-547.
doi:10.1016/j.compstruct.2006.02.019

[53] Gaudenzi, P., Barboni, R., and Mannini, A., “A Finite Element
Evaluation of Single-Layer and Multi-Layer Theories for the Analysis
of Laminated Plates,” Composite Structures, Vol. 30, No. 4, 1995,
pp. 427-440.
doi:10.1016/0263-8223(94)00065-4

[54] Carrera, E., “Theories and Finite Elements for Multilayered Plates and
Shells: A Unified Compact Formulation with Numerical Assessment
and Benchmarking,” Archives of Computational Methods in
Engineering, Vol. 10, No. 3, 2003, pp. 215-296.
doi:10.1007/BF02736224

[55] Kreyszig, E., Advanced Engineering Mathematics, Wiley, New York,
1999.

[56] Reissner, E., “On a Certain Mixed Variational Theory and a Proposed
Application,” International Journal for Numerical Methods in
Engineering, Vol. 20, No. 7, 1984, pp. 1366-1368.
doi:10.1002/nme. 1620200714

[57] Reissner, E., “On a Mixed Variational Theorem and on Shear
Deformable Plate Theory,” International Journal for Numerical
Methods in Engineering, Vol. 23, No. 2, 1986, pp. 193-198.
doi:10.1002/nme. 1620230203

[58] Demasi, L., and Yu, W., “Assess the Accuracy of the Variational
Asymptotic Plate and Shell Analysis (VAPAS) Using the Generalized
Unified Formulation (GUF),” Presented at the 50th AIAA/ASME/ASCE/
AHS/ASC Structures, Structural Dynamics & Materials Conference,
AIAA, Reston, VA, 2009.

F. Pai
Associate Editor


http://dx.doi.org/10.1016/0266-3538(86)90087-4
http://dx.doi.org/10.1016/0266-3538(86)90033-3
http://dx.doi.org/10.1016/j.compstruct.2006.12.007
http://dx.doi.org/10.1016/0263-8223(93)90147-I
http://dx.doi.org/10.1002/nme.1620360407
http://dx.doi.org/10.1016/S0263-8223(98)00097-X
http://dx.doi.org/10.2514/2.444
http://dx.doi.org/10.1115/1.2791917
http://dx.doi.org/10.1016/j.compstruct.2006.02.019
http://dx.doi.org/10.1016/0263-8223(94)00065-4
http://dx.doi.org/10.1007/BF02736224
http://dx.doi.org/10.1002/nme.1620200714
http://dx.doi.org/10.1002/nme.1620230203

